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Summary. On every set A there is a rigid binary relation, i.e. such 
a relation R that there is no homomorphism [A, R)— > [A, R) except the 
identity (Vopenka et al. [1965]). We state two conjectures which 
strengthen this theorem. 

2 K 

CONJECTURE 1. If k is an infinite cardinal number and card A < 2 
then there exists a relation R £ A X A which satisfies 

w x,y e A _. {x} £ A(x,y) 9 A u f : A(x, y)-> A . . , , ,. _ D 

V 3 , , , < . V , f is not a homomorphism of K. 
x^y card /l(x,y) < k f(xj=y 

CONJECTURE 2. If k^O is a limit cardinal number and 

, „ „ ^sup{2 a : aeCard, a<K> . , n . . ^ ^ „ w » 

card A < 2 then there exists a relation K £ A X /I 

which satisfies 

w x,y e 4 {x} £ 4(x,y) £ 4 f : 4(x, y)-> 4 . . , , ,. _ D 

V 3 , ,, < „ V , f is not a homomorphism of K. 
x^y card A{x,y) < k f{x)=y 

Conjecture 2 is valid for k=w (Tyszka [1994]). We prove 

Conjecture 1 for k=w. 



On every set A there is a rigid binary relation, i.e. such a relation R 
that there is no homomorphism [A, R)— > [A, R) except the identity (see [4] and 
[1]). The following two conjectures were stated in [2] in a more complicated 
form. 
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2 K 

Conjecture 1. If k is an infinite cardinal number and card A < 2 then 

there exists a relation R £ A X A which satisfies the following condition (*): 

u x,y e A _. {x} £ 4(x,y) £ a u f:A(x,y)->A . . , , ,. _ D 

(*) V / 3 , . , \ . V , f is not a homomorphism of i?. 

x^y card A{x,y) < k f{x)=y 



Remark 1 ([2]). If R £ A X A satisfies the condition O) then R is rigid. 

If k is an infinite cardinal number and a relation R £ A X A satisfies the 

2 K 

condition (*) then card A < 2 



Conjecture 2. If k^O is a limit cardinal number and 
card A < 2 ' ' then there exists a relation R A X A which 

satisfies the following condition (**): 

r—i u x -y e i4 _. {x} £ 4(x,y) £ 4 f : 4(x, y)-> 4 . . , , ,. _ D 

(**) V 3 , ., , „ V , f is not a homomorphism of R. 

XT^y card A{x,y) < k f(xj=y 



Remark 2 ([2]). If £ a X 4 satisfies the condition (**) then R is rigid. 
If is a limit cardinal number and a relation R 9 A X A satisfies the 

condition (**) then card A < 2 ^ 



Theorem 1 ([2]). Conjecture 2 is valid for k=w. 



In this paper we prove Conjecture 1 for k=w. We begin from 

1 V~3 2 i i 

introductory results. Let p^= (0, 0) , p^ = ( 2 , 0) , p^= (— , — -) , I/: ={ (a, fo)e[R : |a-fo|=2}, 

$ := {fi 9 rV ; KUiT-W, mR _I = { (p Q , p^ ) , (p r p Q ) , (p Q , p J , (p 2> p Q ) }, (p r p^eR}. 

Observation 1. If S,Ze$, {p p p } 9 X 9 R 2 , f:X->R 2 and f : <X, S>-XR 2 , Z> 
is a homomorphism, then f{p )=p Q , f(p )=p , f{p^)=p^. 

Observation 2. If S,Ze$, X 9 R 2 , f:X->R 2 and f : <X, S>-XR 2 , Z> is a 

-2 -2 

homomorphism, then f is a homomorphism of SUS =ZUZ =1/ i.e. f preserves all 
unit distances. 



Lemma ([3]). If x,y e R n (ri>l) and e>0 then there exists a finite set 

T (e) £ R n containing x and y such that each map f;T (e)— >R n preserving all 

unit distances satisfies | | f (x)-f (y ) | - | x-y \ | < e. 
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2 

Note. Let us consider the finite set T (e) £ R from the above Lemma. For 

2 

each t e T (e) there exist points t{0),t{l) t(m(t)) e R (m(i)e w ) 

xy 

satisfying: t(0)=t, t(m(t))=x, \t(i)-t(i+l)\=l (0<i<m(t)-l) . The finite set 

f (e):= U {t{0),t{l) t(ffi(t))} 

Xy te T (c) 

xy 

has the property from the Lemma and the graph U is connected on I (e). 

x y 

The following Theorem 2 was proved in [2] in a more complicated way. 
Theorem 2 immediately implies a weaker version of Theorem 1. 

Theorem 2. If then R satisfies the condition (**) for k=w. 

2 

Proof. Assume that x, y e R and x^y. Since p , p , are not col linear 

there exists i^{0, 1, 2} satisfying |p -x|^|p -y|. Let 



n \p .-x|-|p .-y I n 
1 i 1 1 l 1 



R 2 (x )y ):={p 0) p r p 2 >Ur 

l 

2 2 2 

The set R (x,y) is finite. Assume that f:R (x,y)— >R is a homomorphism of R. 

We need to prove that f(x)^y. According to Observation 1 f(p)=p, by 

Observation 2 f preserves all unit distances. From this, applying the Lemma 

we obtain 



\p.-f (x) \=\f{p.)-f{x] 



p . -x - p . -y p . -x - p . -y 

1 i 1 1 i 11 I I 1 1 l 1 1 l 1 



|p.-x| , |p.-x| + 



On the other hand 



\p i -y\ * 



i 2 i 2 



p . -x - p . -y p . -x - p . -y 

1 i 1 1 i 11 i i 1 1 l 1 1 i 1 



l p i" X l 2 ' \ p i~ X \ + 



Therefore f(x)^y. This completes the proof. 



We are now in a position to formulate the main result. 

Theorem 3. If ^ * 9 $ then the relation R 9 (R 2 X*) X (R 2 X*) defined by 
the following formula 

V x,y e R 2 V S,Z e * |((x,S), (y,Z)) e R^ <=> (x,y) e S=Z 
satisfies the condition (*) for k=w. 
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Proof. Assume that (x,S),(y,Z) e R x* and (x,S)^(y,Z). Let n: {S}-> {Z} . 
First case: x^y. Since Pq,P^,P 2 are n °t collinear there exists ie{0,2,2} 
satisfying |p -x|^|p -y|. Let 



(R^X*)((x,S), (y,Z)) := 



{ P ' P l' P 2 }m p.x 
1 



( i i ii i i "\ "\ 
p .-x - p .-y 
1 1 1 1 l 1 



X {S>. 



The set (R X*) ( (x, S) , (y, Z) ) is finite. Suppose, on the contrary, that 

f: (R 2 X*) ( (x,S), (y,Z) )->R 2 X* is a homomorphism of R and f ( (x, S) )= (y, Z) . By the 

-1 2 
Note the graph R^UR^ is connected on (R X*)((x,S), (y,Z)). Therefore f maps 



ip ,P v P 2 }UT 

l 



( i I II i i ^ ^ 

p .-x - p .-y 
1 l 1 1 i 1 



X {S> 



into R X{Z}. From this, there is a uniquely determined transformation 

,2 



f : <P .P v P 2 yUT x 

l 



n \p .-x|-|p .-y I n 
1 l 1 1 i 1 



-> R 



satisfying: f=<f,n>, f(x)=y. Obviously 



{p ,P r P 2 >UT 

l 



n |p .-x|-|p .-y I n 
1 i 1 1 l 1 



S ) -> 



2 

R , Z 



is a homomorphism. According to Observation 1 f(p^)=p^, by Observation 2 f 
preserves all unit distances. From this, applying the Note and the Lemma we 
obtain 



\p.-f (x) \=\f{p.)-f{x] 



\Pi-'\ 



p.-x - p.-y 
1 l 1 1 l 1 



p.-x + 
1 l 1 



On the other hand 



\p i -y\ * 



\P L -*\ 



p.-x - p.-y 
1 l 1 1 l 1 



p.-x + 
1 l 1 



Therefore f(x)^y. This contradicts our assumption. 

2 I I 

Second case: x=y so S^Z. Since S^Z there exist u, v e R such that |u-v|=2, 



(u,v)eS, (v,u)£S, (v,u)eZ, {u,v)£Z. There exist points x^,x^ x^_ 



R (ke w ) 



satisfying: x =x, x =p^, x.-x. „ =2 (0<i<Jc-2). Let 
Jc 1 l l + l 1 



(DrX¥H(x,S), (y,Z)) : : 



{x o' x r 



x, } U U T 

k 

jew 

ie{0, 2,2} 



P^U 



4 U T 



P^U 



X {S>. 



2 

The set (R X*) ( (x, S) , (y, Z) ) is countable. Suppose, on the contrary, that 

f: (R 2 X*) ( (x,S), (y,Z) )->R 2 X* is a homomorphism of K and f ( (x, S) )= (y, Z) . By the 

-1 2 
Note the graph R UR is connected on (R X*)((x,S), (y,Z)). Therefore f maps 



X {S> 



{x n ,x. x. } u U f - ur 4 

ie{0, 2,2} 

2 

into R X{Z}. From this, there is a uniquely determined transformation 

f : {x n ,x. x. } U U T {-} U T {-} -> R 2 

2 Jeu P^U) PjVU) 

ie{0,l,2} 

satisfying: f=<f,n>, f(x)=y. Obviously 

ie{0, 2,2} 

is a homomorphism. By Observation 2 f preserves all unit distances. Therefore, 
by the Note and the Lemma f preserves distances |p^-u|, |p^-u|, Ip^-ul, 
|p -v|, |p^-v|, |p On the other hand, according to Observation 1 

f{p )=P , f{p )=p , f{p 2 )=p 2 - From this f(u)=u and f{v)=v. Since f is a 
homomorphism of R and [u,v)^S we conclude that ((f(u),n(S)),(f(v),n(S))) e R 
i.e. (u,v)eZ. This contradicts our assumption. 
We have proved Theorem 3. 



Corollary. Conjecture 1 is valid for k=w. 

w 2 W 

Proof. Assume that k=w. According to Theorem 3 if 2 < card A < 2 then 

there exists a relation R £ A X A which satisfies the condition (*). On the 

v,^ - -4- -ttv, -i-jr ^ a s sup{2 a : aeCard, a<w} _ _w 

other hand, m virtue of Theorem 1 if card /I < 2 - 2 then 

there exists a relation £ A X i4 which satisfies the stronger 

condition (**), so the condition (*) holds too. 
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